Sieves are constructed for twin primes in class I, which are of the form 2m ± D, D ≥ 3 odd. They are characterized by their twin-D-I rank m. They have no parity problem. Non-rank numbers are identified and counted using odd primes p ≥ 5. Twin-D-I ranks and nonranks make up the set of positive integers. Regularities of non-ranks allow obtaining the number of twin-D-I ranks. It involves considerable cancellations so that the asymptotic form of its main term collapses to the expected form, but its coefficient depends on D.
Introduction
Sieve theory has developed over almost a century into a versatile tool of number theory [1] , [2] , [3] , [4] . For twin primes it is the method of choice. The first genuine pair sieve constructed in Ref. [5] for ordinary twin primes is adapted to twin primes at distance 2D ≥ 6 with D odd and fixed throughout, except for examples. Their arithmetic is fairly different from distance 2 (or with integral n will not arise in the following. , if p ≡ 1 (mod 6);
, if p ≡ −1 (mod 6).
Proof. This is obvious from Def. 2.1 by substituting p = 6m ± 1. ⋄ Lemma 2.3 Let p ≥ 5 be prime and (p, D) = 1. Then the numbers k(n, p) + = np + 3DN( p 6 ), n = 0, 1, 2, . . .
are non-ranks. There are 2 = 2 ν(p) (single) non-rank progressions to the prime p.
(a) If p ≡ 1 (mod 6) the non-rank k(n, p) + generates the pair 2k(n, p)
and the non-rank k(n, p) − the pair
(b) If p ≡ −1 (mod 6) the non-rank k(n, p) + generates the pair 2k(n, p)
All pairs contain a composite number. Clearly, all these non-ranks are symmetrically distributed at equal distances 3DN(p/6) from multiples of each prime p ≥ 5, except for prime divisors of D.
Proof. Let p ≡ 1 (mod 6) be prime and n ≥ 0 an integer. Then 2k(n, p)
and 2k
+ is sandwiched by the pair in Eq. (3) which contains a composite number. Hence k(n, p)
+ is a non-rank. For 2n > D + 1, the same happens in Eq. (4), so k − is a non-rank. If p ≡ −1 (mod 6) and prime, then 2k(n, p) + ± D = 2np + D(p + 1) ± D by Lemma 2.2 and k + leads to the pair in Eq. (5) which contains a composite number again. For 2n > D + 1, the same happens in Eq. (6), so k − is a nonrank. ⋄
The k(n, p) ± yield pairs 2k ± ±D with one or two composite entries that are twin-D-I prime analogs of multiples np, n > 1, of a prime p in Eratosthenes' prime sieve [7] . Non-ranks form the sieving set.
The converse of Lemma 2.3 holds, i.e. nontrivial non-ranks are organized in terms of arithmetic progressions with primes ≥ 5 (and their products) as periods. This makes it a cornerstone of the pair sieves.
Lemma 2.4. If k is a nontrivial non-rank, there is a prime p ≥ 5 and an integer λ so that k = k(λ, p)
Proof. If k ≡ 0 (mod 3) and D ≡ 1 (mod 6), then 2k + D ≡ 1 (mod 6). Let 2k + D = pK be composite, where p ≥ 5 is the smallest prime divisor |D. Then 2k + D = 3 ν , ν ≥ 1 obviously. If p ≡ 1 (mod 6) then K ≡ 1 (mod 6). So p = 6m + 1, K = 6κ + 1, k = 3k ′ , D = 6d + 1 and
Hence
and
then
and λ = 3κ + D−1 2
. If 2k − D = pK i.e. is composite and p = 6m + 1, then
is always composite. These trivial non-rank cases are ignored in the following, except when counting non-ranks.
If D = 6d − 1 ≡ −1 (mod 6), then there are four cases for 2k + D or 2k − D composite, combined with the options for p and K as in (i), which are all handled the same way and then lead to similar results.
(ii) If k = 3k ′ + 1 ≡ 1 (mod 3) and D = 6d − 1 ≡ −1 (mod 6), then 2k + D = 6k ′ + 6d + 1 ≡ 1 (mod 6). Let 2k + D = pK be composite and p = 6m + 1. Then K = 6κ + 1 and
The case where p = 6m − 1, K = 6κ + 1 is handled similarly. All other cases lead to trivial non-ranks. Since after sieving only twin-D-I ranks are left that lead to prime pairs at distance 2D (and no composites) the sieves have no parity problem. 
Identifying Non-Ranks
Here it is our goal to characterize and systematically identify non-ranks among natural numbers.
Definition 3.1 Let p ≥ 5 be the minimal prime of a non-rank. Then p is its parent prime.
The non-ranks to parent prime 5 are, by Lemma 2.3,
where [x] is the largest integer below x, as usual. These k ± form the set A
Note that 5 is the most effective non-rank generating prime number (except when 5|D). If it were excluded like 3 then many numbers would be missed as non-ranks.
In contrast to ordinary twin primes [5] the arithmetic function values N(p ′ /6), N(p/6) do not suffice to characterize twin-D-I primes p ′ = p + 2D. Lemma 3.2. Let p ′ > p be primes. Then p ′ = p + 2 are ordinary prime twins iff N(
).
Proof. See Theor. 3.6 of Ref. [5] . Lemma 3.2 generalizes to D ≥ 3 as follows.
is equivalent to
We now consider systematically common (or double) non-ranks of pairs of primes. We start with ordinary twin primes.
are two common non-rank progressions of p and p
are the other two common non-rank progressions of p and p ′ . Proof. By Lemma 3.2, p ′ = p + 2 and p are ordinary twin primes and Eq. (19) is valid obviously, with the lhs a non-rank to p and the rhs a nonrank to p 
) + l and two common non-rank progressions of p ′ , p are
provided r, r ′ solve
The solution of Eq. (23), 2r = ∓D + pλ ± , − p < 2r < p for odd λ ± with r ′ = r + λ ± , − p ′ < 2r ′ < p ′ on the lhs of Eq. (22) yields a non-rank to p and, on the rhs, a non-rank to p ′ . If r, r ′ solve
then two more common non-rank progressions are
) + l, and two common non-rank progressions of p ′ , p are
provided
If l = 0 then r ′ = r = 0; see Theor. 3.4. For l ≥ 1, 2r(3l + 1) = ∓3Dl + pλ, r ′ = r + λ solve Eq. (27). There is a unique pair r ′ , r with −p < 2r
For appropriate λ, the solution r ′ = r +λ∓D, 3l(2r ∓D)+2r = pλ is unique.
Again, for appropriate λ the solution r ′ = r + λ, 2r(3l − 1) = pλ ∓ 3Dl is unique.
If r, r ′ solve
The solution 2r(3l − 1) = ±3lD + pλ, r ′ = r + λ ∓ D is unique for appropriate λ.
Note that there are 4 = 2 ν(pp ′ ) arithmetic progressions of common or double non-ranks to the primes p ′ , p in all cases. Proof. By substituting p ′ , N(p ′ /6) in terms of p, N(p/6) and l, respectively, it is readily verified that Eqs. 
Since (pp ′ , p ′′ ) = 1 there is a unique residue ν modulo p ′′ so that the lhs of Eq. (34) is ≡ ±3DN( Proof. This is proved by induction on m. Theors. 3.5 and 3.6 are the m = 2, 3 cases. If Theor. 3.7 is true for m then for any case 5 ≤ p m+1 < p 1 < · · · < p m , or . . . , 5 ≤ p 1 < · · · < p m+1 , we substitute in an m−fold non-rank equation n → p m+1 n + ν as in the proof of Theor. 3.6, again dropping the n m+1 1 p i term. Then we get
with a unique residue ν (mod p m+1 ) so that the lhs of Eq. (35) becomes ≡ 3DN(
) (mod p m+1 ), which then determines µ. In case the lhs of Eq. (35) has p 1 (. . .) − 3DN(p 1 /6 ) the argument is the same. This yields an (m + 1)−fold non-rank progression since each sign in Eq. (35) gives a solution. Hence there are 2 m+1 such non-ranks. At two non-ranks per prime, there are at most 2 m+1 non-rank progressions. ⋄ symmetry of non-ranks around each multiple of p ′ according to Lemma 2.3. This leaves p 5≤p ′ <p,(p ′ ,D)=1 (p ′ − 2) numbers a. The fraction 2/p of these are the non-ranks to parent prime p. ⋄ Prop. 4.3 implies that the fraction of non-ranks related to a prime p in the interval occupied by A p ,
where p ′ is prime, decreases monotonically as p goes up. 
where p is prime, monotonically decreases as p i goes up.
(ii) The number of nontrivial non-ranks in a supergroup S p j over one periodL(p j ) is
(iii) The fraction of non-ranks of their arithmetic progressions in the
increases monotonically as p j goes up. From Eq. (36) we get q 1 = 2/p 1 which is the case j = 1, p j = 5 of Eq. (39). Assuming Eq. (39) for p j , we add q j+1 of Eq. (36) and obtain
The extra factor 0
(ii) The fraction of such remnants in S p j ,
where p is prime, decreases monotonically as p j → ∞. Proof. (i) follows from Def. 4.6 in conjunction with Eq. (38) and (ii) from Eq. (41). Equation (41) follows from Eq. (39).
Remnants and Twin Ranks
When all primes 5 ≤ p ≤ p j , (p j , D) = 1 and appropriate nonnegative integers n are used in Lemma 2.3 one will find all non-ranks k < M(j + 1) ≡ (p the remnants provided trivial non-ranks are also eliminated. If a non-rank k is left then 2k ± D must have prime divisors that are > p j according to Lemma 2.3, which is impossible. 
which have to be subtracted from the remnants to leave just twin-D-I ranks.
Correcting for double counting of common non-ranks to two primes using Thus, pair sieves as a resolution of the parity problem for prime twins in class I allow replacing the need for a lower bound on the number of twin-D-I ranks R (or π 2 /2) by an upper bound for the remainder R E (that must be lower than R M ).
